Abstract. We show that in some sense, "most" knots have meridian of length strictly less than 4. We do so by finding geometric information on the cusp shapes of a class of links called generalized augmented links. Since any knot can be obtained by an explicit Dehn filling on one of these links, the geometric information on these links gives geometric information on new classes of knots and links.
Introduction
By the 6-Theorem, proved independently by Agol [6] and Lackenby [8] , any knot has meridian of length less than 6. This is because the meridian is an exceptional slope for the knot complement. Agol gave examples of knots with meridian lengths approaching 4 [6] . As far as we are aware, there are no known examples of knots with meridians of length more than 4.
In this paper, we show that in some sense, "most" knots have meridian length strictly less than 4. We do so by examining a class of links, called generalized augmented links, and finding bounds on their slope lengths and cusp shapes. Every knot in S 3 can be obtained by Dehn filling on these links in an explicit manner. Since high Dehn fillings yield manifolds geometrically close to the original, we need only exclude a finite number of slopes for each link component, and any remaining knot obtained by Dehn filling will have meridian length less than 4.
The following results are known about meridian lengths of knots. Adams, Colestock, Fowler, Gillam, and Katerman proved the meridian length of a knot K is at most 6 − 7/c, where c is the number of crossings of the knot. They also found better bounds for alternating knots: in the case of alternating, the meridian length is at most 3 − 6/c [1] . Adams showed the meridian length of a 2-bridge knot is less than 2 [4] . Schoenfeld proved "most" alternating hyperbolic knots have meridian length bounded above by 2 [13] . There are also known lower bounds on lengths of meridians of knots due to Adams [5] , [2] .
The knots obtained by methods of this paper are generally not alternating, or even nearly alternating in any sense of "nearly". Thus the methods of this paper may be of use in determining further geometric information on large classes of non-alternating knots.
This paper is organized as follows. In Section 2, we define the links under consideration and make precise statements of the theorems we will prove. In Sections 3 and 4, we give some of the geometric properties of these links, including results on their cusp shapes and meridian lengths.
Generalized augmented links
In [3] , Adams defined a notion of augmented alternating links, and proved that these were hyperbolic. We will generalize his definition. We also generalize a related notion, that of twist region of a knot or link diagram. First we review the original definitions.
View the diagram of a link as a 4-valent graph with over-under crossing information at each vertex. A twist region is a collection of bigon regions of the graph arranged end to end, which is maximal in the sense that it is not part of a longer row of bigons. Thus roughly, a twist region is an area of the diagram in which two knot strands twist around each other maximally.
For each twist region of the diagram, insert a simple closed curve encircling the two twisting strands. This is called a crossing circle. The other components of the resulting link, coming from the original knot diagram, are called knot strands. When crossing circles are inserted around each twist region of a diagram we obtain a fully augmented link. Provided the original diagram is prime and twist reduced with at least 2 twist regions, the fully augmented link is hyperbolic (see Adams [3] ), with very explicit geometry (see e.g. Futer and Purcell [7] , and papers of Purcell [11] , [12] ). Among other results, there is a choice of horoball expansion such that meridians of the knot strand component of the augmented link have length exactly 2. This was proved independently by Schoenfeld [13] . Definition 2.1. A generalized twist region is a region of a link diagram in which n strands, n ≥ 2, twist around each other an integer or half integer number of times, such that the number of twists is maximal.
Note that when n strands enter a single full twist, they make one full revolution then exit the twist in the same position in which they entered. For a half twist, the n strands make half of a revolution and then exit. It should be noted that the number and location of generalized twist regions in a diagram is not unique. There are many different ways to organize a given diagram into generalized twist regions. For example, in Figure 1 , we could have chosen each single crossing to be a 2-strand twist region with a half twist. However, to best apply the results of this paper, the number of twist regions should be chosen to be as small as possible. Following the language of Adams [3] , we should call the link with crossing circles added a generalized fully augmented link, but since we only deal with links of this kind, we omit the extra adjective. Now, suppose in a link diagram, the i-th twist region consists of t i full twists, plus possibly a half twist. Form the generalized augmented link L by adding crossing circles. Obtain a new link L by removing all t i twists from each twist region. Thus L has diagram consisting of knot strand components that are all contained in the projection plane P , except possibly in neighborhoods of crossing circles, in which strands may run through a half twist. See for example the links of Figure 2 .
Note S 3 − L and S 3 − L are homeomorphic as manifolds. This is because twisting along a crossing circle C i gives a homeomorphism of the solid torus S 3 − C i . Note next that the original knot complement S 3 − K is obtained from S 3 − L by performing 1/t i Dehn filling on all i crossing circles. This is the main idea of the following theorem, whose proof is essentially due to Adams [3] : any hyperbolic link is obtained by Dehn filling on a regular augmented link with a hyperbolic structure (see also Purcell [11] ). Theorem 2.3. Any hyperbolic knot K is obtained by Dehn filling on a hyperbolic generalized augmented link.
The proof of the above theorem restricts to the case of two strands per twist region. A natural question is whether we obtain more information if more than two strands are allowed. In fact, for many, but not all diagrams of hyperbolic knots and links, when we add crossing circles to the diagram we will obtain a hyperbolic link. We plan to discuss this further in a sequel.
In Section 4 we prove that the hyperbolic generalized augmented link S 3 − L has cusps with nice geometric properties. In particular:
Theorem 2.4. Let K be a hyperbolic knot with an associated hyperbolic generalized augmented link L. Then there exists a choice of horoball expansion of the cusps of S 3 − L such that the length of a meridian of the knot strand of S 3 − L has length at least 2. In any horoball expansion, the meridian has length less than 4.
In light of Theorem 2.3, Theorem 2.4 implies that most hyperbolic knots have meridian of length strictly less than 4. This is because for any hyperbolic generalized augmented link, and for any > 0, one may exclude finitely many Dehn fillings of the form 1/t per crossing circle, and the remaining fillings yield knots with meridian length differing from that of the knot strand of S 3 − L by at most .
The proofs of these results follow from analyzing geometric and topological properties of S 3 − L. These properties are particularly easy to describe and prove in the case that every generalized twist region of S 3 − L has no half twists, as the link diagram on the left side of Figure 2 . Definition 2.5. A flat generalized augmented link is one whose diagram has no half twists. That is, the diagram consists of crossing circles and knot strands which are all embedded in the projection plane.
Geodesic Surfaces
Provided a generalized augmented link L is hyperbolic, the manifold S 3 − L admits a class of totally geodesic surfaces. The existence of the surfaces is given by the following lemma, which is well known (see [9] , or [10] ).
Lemma 3.1. If M is a finite volume hyperbolic 3-orbifold and Φ : M → M is an orientation reversing involution fixing a 2-orbifold F , then F can be homotoped to be totally geodesic. Proof. In a flat generalized augmented link, all link components are completely contained in the projection plane. We can arrange crossing circles to intersect at right angles. Then there is an involution fixing the projection plane pointwise, obtained by reflecting the link in this plane. So by Lemma 3.1, each component of the projection plane corresponds to a totally geodesic surface in the link complement.
When there are half twists, the picture is only slightly more complicated. In this case, when we reflect in the projection plane, we obtain a new link in which all crossings of the half twists have been reversed. That is, they are half twists in the opposite direction of the original half twists in the augmented link diagram. However, there is a homeomorphism (hence by Mostow-Prasad rigidity an isometry) taking the original link complement to that with half twists reversed: simply twist one full time around each crossing circle which contains half twists. Following the reflection with this homeomorphism gives the desired involution, fixing the "reflection plane" pointwise. Note the reflection plane is just the projection plane when the augmented link has no half twists. When the augmented link has half twists, the reflection plane still corresponds to the projection plane outside a neighborhood of the disks bounded by the crossing circles with half twists. We call these disks crossing disks.
Cusp shapes
In this section we use the results of Section 3 to make precise statements on the shapes of the cusps of a generalized augmented link. In addition to finding bounds on slope lengths in Theorems 4.5 and 4.6, we also include more general information about cusp shapes, i.e. Proposition 4.3. Although we don't use this explicitly to give our meridian estimates, such information will be useful in other applications of generalized augmented links.
The first results are very similar in flavor to those in which crossing circles are allowed to bound only two strands of the link [7] , although methods of proof are different. Proof. In the universal cover H 3 , which we view as the upper half space model H 3 = {(x, y, z)|z > 0}, the reflection planes lift to give totally geodesic planes. Conjugate so that the point at infinity projects to the cusp under consideration.
Note each link component actually meets the reflection plane twice. A knot strand component meets it in two longitudinal components, and a crossing circle in two meridians. Thus in the universal cover H 3 , a fundamental region for the cusp intersects two lifts of reflection planes.
The involution through the reflection plane lifts to give involutions of H 3 preserving other lifts of reflection planes. Hence the planes are evenly spaced. We may conjugate so that planes meeting the cusp at infinity lift to give planes y = n, where n ∈ Z, with even n projecting to planes corresponding to one of the two intersections of the cusp with the reflection plane, and odd corresponding to the other.
The involution through the reflection plane lifts to reflection through the planes y = n. In particular, if we compose the reflection through the plane y = n with that through y = n + 1, we obtain the isometry of H 3 given by translation: z → z + 2. Note because the composition of two reflections in the link complement is the identity, this isometry must project under the covering projection to the identity on the link complement. Hence it is a covering transformation.
In particular, an arc from z to z + 2 projects to a simple closed curve on a neighborhood of the link component, which intersects each reflection plane once before closing up. By reflective symmetry, it corresponds to a meridian of a knot strand component, or a longitude of a crossing circle. Note it is perpendicular to the reflection plane. On the other hand, we see from the diagram that a longitude of the knot strand runs along a reflection plane, as does a meridian of the crossing circle.
Thus in either case, meridians and longitudes are perpendicular. Hence the cusp is rectangular. Definition 4.2. We let s denote the arc in a cusp of a augmented link which is perpendicular to a reflection plane and runs between two reflection planes. We let r denote the (not necessarily closed) arc running once along the reflection plane. See Figure 3 . Figure 3 . In H 3 , with reflection planes conjugated to lie on planes y = n, n ∈ Z, lifts of s and r are shown.
In this notation, by the proof of Lemma 4.1, we see that in the case of an augmented link with no half twists, the meridian of any knot strand component is given by the curve 2s and the longitude is given by r. The meridian of a crossing circle is given by r and the longitude is given by 2s.
Using this notation, we have the following proposition. 
Proof. As in the proof of Lemma 4.1, conjugate H 3 = {(x, y, z)|z > 0} so that the lifts of the reflection planes are the planes y = n, n ∈ Z, with the lift of the cusp corresponding to L i at infinity. The translation z → z + 2 is a covering transformation. Even when there are half twists, this maps a point z through a reflection plane then back to itself, corresponding to the meridian of a knot strand and a longitude of a crossing circle. Thus we need to determine a covering transformation corresponding to a longitude if L i is a knot strand, or a meridian if L i is a crossing circle. We will use the following notation. The projection plane of the knot divides S 3 into two balls, B + and B − . We analyze how a longitude runs through these balls below.
Note that the reflection plane of the augmented link corresponds to the projection plane of the diagram except in a neighborhood of the crossing disks. Outside of the crossing disk neighborhoods, a longitude of a knot strand runs parallel to the projection plane (which is the reflection plane), say inside of B + . When it passes through a crossing circle without half twists, it remains parallel to the projection plane as in Lemma 4.1. However, when it passes through a crossing circle with a half twist, it switches from running in B + to running in B − inside the neighborhood of the crossing disk, and then continues parallel to the reflection plane.
In the universal cover, switching from B + to B − has the effect of shifting by a step s. Putting all half twists together, we find that a longitude will be of the form r + ps where p is some integer corresponding to the number of half twists through which the link component passed, and their direction of twist. The meridian, 2s, and the longitude will give us generators for the fundamental group of a neighborhood of the link component L i . We can simplify the second generator by subtracting (adding) multiples of the meridian 2s. If p is even, the second generator becomes simply r. It must correspond to the second shortest simple closed curve on a neighborhood of L i . If p is odd, the second generator becomes r ± s. We finish the proof for L i a knot strand by noting that p is even exactly when L i runs through an even number of crossing circles with half twists. Now consider the case when L i is a crossing circle. If L i has no half twist, then we see immediately from a diagram that a meridian of a neighborhood of L i runs parallel to the reflection plane, which is the projection plane in this case. Hence a meridian is r.
If L i has a half twist, a meridian runs parallel to the reflection plane on the outside of a neighborhood of a crossing disk, but as in the case of a knot strand component, inside the crossing disk a representative of this curve in B + will be shifted to lie in B − . This shears by s. Hence a meridian has the form r ± s. Proposition 4.3 gives rough information about the shape of a similarity class of cusp shapes. We want to make more precise statements about lengths of meridians and longitudes on the cusps of these link components. To do so, we fix a horoball neighborhood of the link components on which we measure lengths. The lengths of curves on each component may depend upon the size of horospheres about other components, so we select all our horospheres carefully, according to the following definition.
Definition 4.4. For any cusp, conjugate such that in the universal cover H 3 = {(x, y, z)|z > 0}, the point at infinity in the upper half space model projects to that cusp, and such that the planes y = n, n ∈ Z project to the reflection planes meeting that cusp. A horosphere about the cusp is given by z = c, for some constant c > 0. This is true for all cusps. Select c for each cusp so that if we conjugate to put a different cusp at infinity, with reflection planes y = n, n ∈ Z, the horosphere about that cusp is also at height z = c. Choose c to be the minimum such value for all cusps.
That is, we have a collection of horospheres in the universal cover H 3 , and a number c > 0 such that if we conjugate to put any cusp at infinity, with the reflection planes meeting that cusp on the planes y = n, n ∈ Z, then the horosphere about infinity becomes the plane z = c. Theorem 4.5. Let L be a hyperbolic generalized augmented link. With the choice of horospheres above, the meridian of a knot strand has length at least 2, and similarly, the longitude of a crossing circle has length at least 2.
Note that in the paper by Futer and Purcell [7] , and independently by Schoenfeld [13] , it was proved that for regular augmented links meridian lengths are exactly 2.
Proof. By Proposition 4.3, the curves whose lengths are under consideration are those of the form 2s. That is, in the universal cover H 3 they run perpendicular to lifts of the reflection planes, which we assume lie at y = n, n ∈ Z, and cross exactly two of these. Thus they have Euclidean length 2 as measured on C at infinity. We want to show they also have hyperbolic length at least 2. The hyperbolic length on a horosphere about infinity of height h is 1/h times the Euclidean length. Thus we need to show that the height c of the horosphere z = c about infinity is c ≤ 1.
Note we are able to expand the horosphere about infinity to have lower and lower height until two horospheres abut. So if we are unable to expand to height 1, there must be some cusp such that when we lift it to infinity in H 3 , with reflection planes at z = n, n ∈ Z, there is some horosphere on the plane C at infinity abutting the horosphere z = c with c > 1. Let p be the point on C at which this abutting horosphere is centered. Let H denote the abutting horosphere. Note its diameter is c > 1. Now, first we note that p must lie on one of the planes y = n in C: A reflection in each of these planes projects to give an involution of the link complement, hence it must preserve horospheres. But if p does not lie on the plane y = n, then because the horosphere over p has diameter greater than 1, reflection through one of the planes y = n will take this horosphere to a horosphere which intersects the one over p, as in Figure 4 . This is a contradiction. Thus p must lie on a plane y = n.
Without loss of generality, assume p is the point 0 in C. So 0 and infinity both project to cusps of S 3 − L. All cusps meet two reflection planes, which lift to the planes y = n for the cusp at infinity. For the cusp at 0, these reflection planes lift to circles tangent to 0, as well as the plane y = 0.
In particular, there is some lift of a reflection plane whose boundary on C corresponds to a (Euclidean) circle tangent to y = 0 of largest diameter (on C) in the region y < 0. Call this circle C. Note its diameter must be at most 1, since the reflection plane lying above C cannot intersect the reflection plane lying above y = −1.
Let T be an isometry of H 3 taking 0 to ∞, taking the plane y = 0 to itself, and taking the reflection plane over the circle C of largest diameter to a plane y = 1. Without loss of generality, T sends ∞ to 0. It sends some point q on C to i = (0, 1) ∈ C on the line y = 1. Note that T will send all tangent reflection planes at 0 to the lines y = n, n ∈ Z. So under T , the horosphere H must map to one of height c > 1, since that is how we selected the horospheres.
On the other hand, consider the vertical geodesic in H 3 lying above 0 in C. There is a unique geodesic γ from the point q = T −1 (i) in C which meets this vertical line at a right angle. The point r, where γ intersects the vertical line over 0 is of height |q|, where |q| denotes the distance of q from 0. Since q lies on C of diameter at most 1, r is of height at most 1. Because H is of diameter c > 1, note r is contained in H. See Figure 5 . Now consider the effect of the isometry T on the geodesic γ. Since T takes the vertical line above 0 to itself, T must take γ to a geodesic from T (q) = i which meets the vertical line above 0 at a right angle. Thus T (r), the point where T (γ) meets this vertical line, will be of height exactly 1. Additionally, T (r) will be contained in the horosphere T (H), since r is contained in H.
But this is impossible: T (r) is of height 1, but T (H) is the horosphere z = c of height c > 1. Thus no such horosphere H exists, and therefore all horospheres about cusps can be expanded to height c ≤ 1. Theorem 4.6. Let L be a hyperbolic generalized augmented link. If L has a unique knot strand component, then for any choice of horosphere expansion, the meridian of a cusp corresponding to the knot strand has length less than 4. If L has multiple knot strand components, select horospheres as in Definition 4.4, and the meridian of any knot strand has length less than 4.
Proof. If there is a unique knot strand component, the length of the meridian will be longest when we expand the cusp about the knot strand maximally, without expanding horospheres about other cusps. If there are multiple knot strand components, expand as in Definition 4.4. In either case, we assume we have expanded cusps about a knot strand such that if the point at infinity projects to a cusp corresponding to a knot strand, with planes y = n, n ∈ Z projecting to reflection planes, then the horosphere about infinity has height c. We need to show that c cannot be c ≤ 1/2.
To show this, we again consider the planes in H 3 which project to reflection planes, and their boundaries on C. At each point p in C projecting to the same cusp as that of the point at infinity, we have a collection of nested circles on C tangent at p from the lifts of reflection planes. We will call the outermost two circles of largest radius (where the radius is allowed to be infinite) the circles at infinity adjacent to p. Note if one of these circles is a line, then there are two possible choices for the second. Either one will do.
Lemma 4.7. Suppose a meridian of a knot strand cusp has length at least 4. In the universal cover, let p be a point on C projecting to this cusp. Then all geodesics from one circle at infinity adjacent to p to the other circle at infinity adjacent to p must intersect H.
Proof. Conjugate such that infinity projects to the cusp under question, with planes y = n, n ∈ Z, projecting to reflection planes. Because the meridian length is at least 4, there is a horosphere about infinity of height c ≤ 1/2.
For any p on C projecting to this cusp, there is a covering tranformation T taking p to infinity, taking circles at infinity adjacent to p to lines y = n and y = n + 1, and taking H to a horosphere of height c ≤ 1/2.
Note for any point on the line y = n, and any other point on the line y = n + 1, the geodesic through H 3 between these points is a (Euclidean) half circle of radius at least 1/2. Since the horosphere about infinity has height c ≤ 1/2, the geodesic intersects it. The lemma follows by taking T −1 of the geodesic.
The fact that all lines from one reflection plane adjacent to H to another must intersect H will give us a relation between sizes of the radii of these circles at infinity and the radius of H, in the next lemma. We will use this relation between sizes to derive a contradiction in the case that the meridian length is greater than or equal to 4.
Lemma 4.8. Let R be the Euclidean radius of a horosphere H centered at some point p ∈ C, and let r 1 and r 2 be the Euclidean radii of the circles at infinity adjacent to p (one of r 1 or r 2 may be infinite).
If r 1 and r 2 are both finite, then all geodesics from one circle at infinity adjacent to p to the other intersect the horosphere H if and only if
If r 1 or r 2 is infinite, say without loss of generality r 1 is infinite, then all geodesics from one circle at infinity adjacent to p to the other intersect the horosphere if and only if 2r 2 ≤ R.
Proof. When r 1 and r 2 are finite, we can assume without loss of generality that the horosphere is centered over p = 0 and the circles at infinity adjacent to p are centered at (r 1 , 0) and (−r 2 , 0) on C.
Apply a Möbius transformation T taking 0 to infinity, −2r 2 to 0, and 2r 1 to −1.
Note that the circle through 0, 2r 1 , and r 1 +ir 1 will go to the line through infinity, −1, and −1 + ir 2 /(r 1 + r 2 ). This is the line x = −1.
The circle through 0, −2r 2 , and −r 2 + ir 2 will go to the line through infinity, 0, and 0 + ir 1 /(r 1 + r 2 ). This is the line x = 0.
The horosphere of radius R over 0 passes through the point 2Rj ∈ H 3 . This point is mapped to the point:
This implies the horosphere about 0 is mapped to one about infinity of height r 1 r 2 /(R(r 1 + r 2 )). Now, for any two points on the original two circles, the images of these points under T will lie on lines x = 0 and x = −1. The geodesic between any two points on these lines passes through the horosphere about infinity if and only if the height of the horosphere at infinity is at most 1/2:
If r 1 is infinite, without loss of generality assume the horosphere of radius R is centered over p = 0, one circle at infinity is the line x = 0, and the other goes through the points 0, r 2 + ir 2 , and 2r 2 on C.
Again take a Möbius transformation T mapping 0 to infinity, infinity to 0, and 2r 2 to −1. The line x = 0 is mapped to the line through 0 and infinity and parallel to the line x = −1, hence this is the line x = 0.
The horosphere of radius R over 0 is mapped to one of height r 2 /R. Now every geodesic from the line x = 0 to the line x = −1 passes through the horosphere if and only if r 2 /R ≤ 1/2, or 2r 2 ≤ R. Now, suppose we can expand a horosphere about infinity to a height c ≤ 1/2. Apply an isometry of H 3 so that the point at infinity now projects to a cusp corresponding to a crossing circle, with planes y = n, n ∈ Z, projecting to reflection planes.
The crossing circle bounds a disk with n punctures in the link complement, with reflection planes running through the center of that disk meeting each puncture. In the universal cover H 3 , each of these planes will give a geodesic sphere on C. These spheres will be tangent to each other at points which project to the knot strands running through the punctured disk.
In particular, between the planes y = 0 and y = 1, there will be a string of n circles at infinity, tangent in pairs at points. Each of these points will project to the cusp corresponding to the link component on the projection plane. The two end circles will be tangent to the lines y = 0 and y = 1. See Figure 6 .
By Lemma 4.7, each horosphere at each tangent point has the property that every geodesic from one adjacent circle to the other passes through that horosphere twice. By Lemma 4.8, we have restrictions on the radii of these circles at infinity and the radii of the horospheres over them.
Starting at the circle tangent to y = 0, let the horosphere at the point of tangency have radius R 1 . Then proceeding in the positive y-direction, the next horosphere has radius R 2 , then R 3 , etc., to R n , the horosphere over the point of tangency on the line y = 1. Note n is the number of punctures of the crossing disk, so n ≥ 2.
Similarly, let the circle at infinity tangent to the line y = 0 have radius r 1 . The next one, tangent to that circle, has radius r 2 , then r 3 , etc., to r n−1 , tangent to y = 1.
By Lemma 4.8 we have the following inequalities:
(4) 2r 1 ≤ R 1 , 2r 1 r 2 r 1 + r 2 ≤ R 2 , . . . , 2r n−1 r n−2 r n−1 + r n−2 ≤ R n−1 , 2r n−1 ≤ R n .
Additionally, since horospheres can't overlap, and the distance between the centers of adjacent horospheres is at most the diameter of the circle at infinity adjacent to both, we have R j+1 ≤ R, where R satisfies:
or R = r 2 j /R j . See Figure 7 . So we know:
R 2 , . . . , R n ≤ r 2 n−1 R n−1 .
When j = 1, 2r 2 r 1 + r 2 ≤ r 1 R 2 ≤ 1 2 which implies r 2 /r 1 ≤ 1/3 < 1.
Assume we know r j /r j−1 < 1, for 2 ≤ j ≤ n − 2. Then 3 − r j /r j−1 > 2, so by (8) 
So in particular, r n−1 /r n−2 < 1. On the other hand, by (7), we know r n−1 /r n−2 ≥ 3. This is a contradiction.
